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Interacting dark sector with transversal interaction
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We investigate the interacting dark sector composed of dark matter, dark energy, and dark radi-
ation for a spatially flat Friedmann-Robertson-Walker (FRW) background by introducing a three-
dimensional internal space spanned by the interaction vector Q and solve the source equation for
a linear transversal interaction. Then, we explore a realistic model with dark matter coupled to a
scalar field plus a decoupled radiation term, analyze the amount of dark energy in the radiation era
and find that our model is consistent with the recent measurements of cosmic microwave background
anisotropy coming from Planck along with the future constraints achievable by CMBPol experiment.
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I. INTRODUCTION
One could consider an exchange of energy between the
components of the dark sector, so dark matter not only
can feel the presence of dark energy through a gravita-
tional expansion of the universe but also can interact be-
tween them [1], [2], [3], [4]. A coupling between dark en-
ergy and dark matter changes the background evolution
of the dark sector allowing us to constrain any particular
kind of interaction and giving rise to a richer cosmological
dynamics compared with non-interacting models [1], [5].
One way to extend the insight about the dark matter-
dark energy interacting mechanism is to explore a bigger
picture in which a third component is added, perhaps
a weakly interacting radiation term as it occurs within
warm inflation paradigm. A step forward for constrain-
ing dark matter and dark energy is to use the physic be-
hind recombination or big-bang nucleosynthesis epochs
by adding a decoupled radiation term to the dark sector
for taking into account the stringent bounds related to
the behavior of dark energy at early times [3], [6], [7]. The
authors have explored the behavior of a universe filled
with three interacting components, i.e., dark energy, dark
matter, and dark radiation [8] plus a decoupled radiation
term (Model I). Then, they have extended the aforesaid
scheme by considering a more realistic model with dark
matter coupled to a scalar field plus a decoupled radiation
(Model II) [9]. We perform a cosmological constraint us-
ing the updated Hubble data [10], bounds for early dark
energy [11], [12], [13], [14] and compare our constraints
on cosmological parameters with the bounds reported by
Planck measurements [15] and WMAP-9 project [16] .
II. MODEL I: ENLARGED DARK SECTOR
We consider a spatially flat FRW spacetime filled with
three interacting fluids, namely, dark energy, dark matter
and radiation so that the dynamics of the model is given
by the Friedmann and conservation equations,
3H2 = ρ = ρx + ρm + ρr, (1)
ρ˙+ 3H(ρx + px + ρm + pm + ρr + pr) = 0, (2)
where H = a˙/a is the Hubble expansion rate and a is
the scale factor. Introducing the variable η = ln(a/a0)
3,
with a0 the present value of the scale factor and
′ ≡ d/dη
and assuming linear barotropic equations of state for the
fluids, pi = (γi − 1)ρi, with constant barotropic indexes
γi being i = x,m, r, Eq. (2) can be recast
ρ′ = −γxρx − γmρm − γrρr, (3)
where the γi satisfy the conditions 0 < γx < γm < γr.
The interaction terms 3HQx(ρ, ρ
′, η), 3HQm(ρ, ρ
′, η) and
3HQr(ρ, ρ
′, η) between the components are introduced
by splitting (3) into three equations:
ρ′x + γxρx = Qx, (4)
ρ′m + γmρm = Qm, (5)
ρ′r + γrρr = Qr, (6)
where Qx +Qm +Qr = 0 to recover the whole conserva-
tion equation (3).
We introduce a 3-dimensional internal space where the
three interaction terms and barotropic indexes are viewed
as vectors. The interaction vector Q = (Qx, Qm, Qr)
belongs to the interaction plane Π generated by Qx +
Qm+Qr = 0 while the barotropic vector γ = (γx, γm, γr)
intersects it. At this intersection, we set the coordinate
system origin of the internal space see Fig. (1).
After differentiating Eq. (3) and using Eqs. (4)-(6) we
have the additional equation
ρ′′ + γ ·Q = γ2xρx + γ2mρm + γ2rρr. (7)
Solving the algebraic system of equations in the
(ρx, ρm, ρr) variables (1), (3), and (7), we obtain
ρx =
γm − γr
∆
[γmγrρ+ (γm + γr)ρ
′ + ρ′′ + γ ·Q] , (8)
2ρm =
γr − γx
∆
[γxγrρ+ (γx + γr)ρ
′ + ρ′′ + γ ·Q] , (9)
ρr =
γx − γm
∆
[γxγmρ+ (γx + γm)ρ
′ + ρ′′ + γ ·Q] ,
(10)
where ∆ = (γx − γm).(γx − γr).(γm − γr) is the deter-
minant of that system of equations. Equations (8)-(10)
represent the straightforward extension of the interacting
two-fluid scenario studied in [1]. Following Ref. [1], we
replace Eqs. (8)-(10) into (4)-(6) and obtain the third or-
der differential equation, that we call “source equation”,
for the total energy density;
ρ′′′ + (γx + γm + γr)ρ
′′ + (γxγr + γxγm + γmγr)ρ
′+
γxγmγrρ = γxQmγr + γrQxγm+ γmQrγx −γ ·Q′. (11)
To simplify the mathematical treatment of the model,
we exploit the internal space structure. To this end, we
introduce a pair of vectors {et, eo} in Π, et is orthogonal
to the vector γ, so γ · et = 0, the orthogonal projection
of the vector γ on Π defines the direction of the vector
eo, and a normal vector n = (1, 1, 1) to Π.
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FIG. 1: The plot shows the vector basis {et, eo,n}, the in-
teraction plane Qx + Qm + Qr = 0, the interaction vector
Q = Qt et +Qo eo and the vector γ = γnn+ γoeo.
Therefore,Q = Qt et+Qo eo, where Qt and Qo are the
components of the interaction vector Q on Π and n ·Q =
0. Due that the direction of et is the unique with the
property of being orthogonal to γ, we adopt this property
as a simple criteria for selecting only those interactions
which are collinear with the aforesaid preferred direction
in Π that we call “transversal interaction”, so
Qt = Qt (γm − γr, γr − γx, γx − γm), (12)
ensuring that γ · Q = 0. The transversal character of
the interaction vector (23) removes the terms γ ·Q and
γ · Q′ from Eqs. (8)-(11). Besides, the r.h.s. of the Eq.
(11) becomes Qt∆ and the source equation reduces to
ρ′′′ + (γx + γm + γr)ρ
′′ + (γxγr + γxγm + γmγr)ρ
′+
γxγmγrρ = Qt∆. (13)
Once the transversal interaction Qt is specified we ob-
tain the energy density ρ by solving the source equation
(13) and the component energy densities ρx, ρm, and ρr
after inserting ρ into Eqs. (8)-(10). We center in a model
where the energy exchange is given by transversal inter-
actions which are linearly dependent on ρx, ρm, ρr, along
with their derivatives up to first order, and ρ, ρ′, ρ′′, ρ′′′.
Hence, after using Eqs. (8)-(10) one finds that
Qt = β1ρ+ β2ρ
′ + β3ρ
′′ + β4ρ
′′′, (14)
becomes a linear functional of the basis elements ρ, ρ′,
ρ′′, ρ′′′ (see [1], [8]), and β1, β2, β3, β4 are four constant
parameters. For the interation (14) the source equation
(13) turns into a linear differential equation whose gen-
eral exact solution reads,
ρ = 3H20
[A(z + 1)3γs + B(z + 1)3γ+ + C(z + 1)3γ−] ,
(15)
where a−1 = z+1 and z is the cosmological redshift while
(γs, γ−, γ+) are the characteristic roots of the source
equation (13), and γs is the minimum of {γs, γ−, γ+}.
The ρi are obtained by inserting Eq. (15) into Eqs. (8)-
(10) whereas the constantsA, B and C are written in term
of the density parameters Ω0i = ρ0i/3H
2
0 which fulfill the
condition Ωx0+Ωr0+Ωm0 = 1 for a flat FRW Universe.
Additionally, we will choose (γx, γm, γr) = (0, 1, 4/3) to
recover the three self-conserved cosmic components in the
limit of vanishing interaction.
III. MODEL II: MATTER COUPLED WITH A
SCALAR FIELD AND DECOUPLED RADIATION
Now, we consider a model with matter ρm coupled to
a scalar field ρφ plus a decoupled component ρr, so that
the evolution of the FRW universe is governed by
3H2 = ρt = ρm +
1
2
φ˙2 + V (φ) + ρr, (16)
ρ˙+ 3H(ρm + φ˙
2) = 0, ρ˙r + 3Hγrρr = 0, (17)
ρ = ρm +
1
2
φ˙2 + V (φ), (18)
where ρ includes all dark components, so ρt = ρ + ρr.
We identify the scalar field with a fluid having energy
density ρφ =
1
2 φ˙
2 + V (φ), pressure pφ =
1
2 φ˙
2 −V (φ) and
describe them as a mix of two fluids, namely, ρsm = φ˙
2/2
and ρv = V (φ), with equations of state psm = ρsm and
3pv = −ρv respectively, so γv = 0, γm = 1, γsm = 2 and γr
will be estimated later on. Then, ρsm can be associated
with stiff matter, ρv plays the role of vacuum energy,
while ρm represents a pressureless matter component .
When additionally the matter interacts with the scalar
field, we split the Eq. (17) into three balance equations
ρ′v = Qv, ρ
′
m + ρm = Qm, (19)
ρ′sm + 2ρsm = Qsm, (20)
so that the whole conservation equation reads
ρ′ = −ρm − 2ρsm, (21)
while the dynamics of the scalar field is given by the
following modified Klein-Gordon (MKG) equation,
φ¨+ 3Hφ˙+ V ′(φ) =
−3HQm
φ˙
. (22)
Our goal is to build a realistic cosmological model with
an early radiation-dominated era. Next, the Universe
entered into dark matter era, the radiation becomes sub-
dominant and then follows a dark energy dominated
stage at late times. To this end and taking into account
that γ = (0, 1, 2), we adopt the transversal interaction
Qt = (1,−2, 1)Qv. (23)
By combining Eqs. (19) and (23), we get Qm = −2Qv =
−2ρ′v = −2(dV/dφ) (dφ/dη) = −2(dV/dφ) (dφ/3Hdt).
Thus, the MKG equation (22) becomes φ¨+3Hφ˙−V ′(φ) =
0, showing that Qt changes the sign of V
′(φ) in the
KG equation. We actually get the transversal interac-
tion leads to Qv = V
′(a), so it changes the behavior of
the scalar field.
We have built an interacting three fluid model with
energy trasnfer (23) defined by Eqs. (18), (21), and ρ′′ =
ρm + 4ρsm obtained after differentiation Eq. (21) and
using Eqs. (19)-(20) and (23). By solving this system of
equations in the (ρv, ρm, ρsm)-variables, we find
ρv =
1
2
[2ρ+ 3ρ′ + ρ′′] , (24)
ρm = − [2ρ′ + ρ′′] , ρsm = 1
2
[ρ′ + ρ′′] . (25)
Following Refs. [1]-[8], we replace Eqs. (24)-(25) into
Eq. (19) or (20) and get the source equation for ρ:
ρ′′′ + 3ρ′′ + 2ρ′ = 2Qv. (26)
Using the general solution of the Eq. (26), that has the
form of (15), and inserting it into Eqs. (24)-(25), we have
ρv, ρm and ρsm. There, we have made the substitution
ρv → ρx, ρm → ρc, and ρsm → ρdr in order to show ex-
plicitly the interaction between these components. Then,
ρx, ρc, and ρdr will represent the dark energy, dark mat-
ter and dark radiation energy densities and, we will as-
sume that γs < 2/3 < γ− ≈ 1 < γ+ ≈ 4/3 to show the
transition of the universe from an early radiation domi-
nated era to an intermediate dark matter dominated era
(non-baryonic) to end in a dark energy dominated era at
late times. Note that the integration constants A, B and
C can be esxpressed in terms of the density parameters
Ωv0 = ρv0/3H
2
0 , Ωc0 = ρc0/3H
2
0 , Ωdr0 = ρdr0/3H
2
0 , and
Ωr0 = ρr0/3H
2
0 (see [9]). The flatness condition reads
Ωφ0 +Ωc0 +Ωr0 = 1 along with Ωv0 +Ωdr0 = Ωφ0.
We will now reconstruct the potential as a function of
the scalar field φ by using that V (a), φ˙2(a) and ρt(a)
are explicit function of the scale factor through V = ρx,
φ˙2/2 = ρdr and ρt = φ˙
2/2+V +ρm+ρr0/a
3γr . Rewritten
φ˙2/2 as φ˙2 = 3ρtφ
′2, we easily obtain φ = φ(a),
φ =
∫ √
6Ωsm
a
da, (27)
where Ωsm = φ˙
2/2ρt. After integrate the Eq. (27), we
find φ(a) and then follows V (φ) = ρx(a(φ)). Also, the
scalar field energy density ρφ = V + φ˙
2/2 = ρx + ρdr is
easily calculated as a real function of the scale factor,
ρφ = 3H
2
0 [(γs − 1)2Ax3γs + (γ+ − 1)2Bx3γ+
+ (γ− − 1)2Cx3γ− ]. (28)
We have changed the original degree of freedom φ by the
scale factor a; such fact was essential to facilitate the
reconstruction process and to examine the observational
constraints through the Hubble expansion rate.
In the early radiation-dominated era, where γ ≃ γ+ ≈
4/3, and in the dark energy dominated era where the
universe has an accelerated expansion implying γ ≃ γs,
we obtain the approximate potential and scalar field,
V ≃ 3H
2
0
2
(γ+ − 2)(γ+ − 1)B a−3γ+ , (29)
∆φ ≃ −
√
3γ+(γ+ − 1) ln a, (30)
the former being negative definite and the latter becomes
real, while a ≈ t2/3γ+ . Hence after having reconstructed
the potential and the interaction term Qm, we obtain
V ≃ 3H
2
0
2
(γ+ − 2)(γ+ − 1)B e
√
3γ+/(γ+−1)∆φ, (31)
Qm ≃ −3H20γ+(γ+−2)(γ+−1)B e
√
3γ+/(γ+−1)∆φ, (32)
in the early epochs.
At late times, when the dark energy governs the dy-
namic of the universe, we find
V ≃ 3H
2
0
2
(γs − 2)(γs − 1)A a−3γs , (33)
4∆φ ≃
√
3γs(γs − 1) ln a, (34)
hence, after having applied the reconstruction process,
we find that the scalar field is driven by
V ≃ 3H
2
0
2
(γs − 2)(γs − 1)A e−
√
3γs/(γs−1)∆φ, (35)
a positive potential because γ ≈ γs. In this late regime
a ≈ t2/3γs and the approximate Qm ≃ −3H20γs(γs −
2)(γs − 1)A e
√
3γs/(γs−1)∆φ.
IV. OBSERVATIONAL CONSTRAINTS ON A
TRANSVERSAL INTERACTING MODEL:
SUMMARY AND DISCUSSION
We will provide a qualitative estimation of the cosmo-
logical paramaters by constraining them with the Hubble
data [17]- [18] and the stricts bounds for the behavior of
dark energy at early times [11]-[19]. In the former case,
the statistical analysis is based on the χ2–function of the
Hubble data [17], [18]. For model I, the Hubble expan-
sion is given by
HI(θ|z) = H0
(
Ax3γs + Bx4 + Cx3
) 1
2
. (36)
Fron now on we will choose γ+ = 4/3 and γ− = 1, so
the parameters of the model are θ = {H0, γs,Ωx0,Ωm0},
and will use that the flatness condition implies Ωr0 =
1 − Ωx0 − Ωm0. We obtain that γs varies from 10−4
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FIG. 2: Model I: two-dimensional C.L. associated with 1σ,2σ for dif-
ferent θ planes.
to 10−3, so these values clearly fulfill the constraint
γs < 2/3 that assure the existence of accelerated phase
of the universe at late times [see Fig. (2)]. We find
the best-fit at (H0,Ωx0) = (74.32km s
−1Mpc−1, 0.77)
with χ2d.o.f = 0.783 by using the priors Ωm0 = 0.2
and γs = 10
−3. The value of Ωx0 is slightly greater
than the standard one of 0.7 being such discrepancy
only of 0.1%. Moreover, we find that using the pri-
ors (H0, γs) = (74.20km s
−1Mpc−1, 10−3) the best-
fit values for the present-day density parameters are
(Ωx0,Ωm0) = (0.74, 0.23) along with a lower goodness
condition (χ2d.o.f = 0.779). In performing the statistical
analysis, we find that H0 ∈ [71.28, 74.32]km s−1Mpc−1
so the estimated values are met within 1σ C.L. reported
by Riess et al, to wit, H0 = (72.2 ± 3.6)km s−1Mpc−1.
We also find that the zt (transition redshift) is of the or-
der unity varying over the interval [0.63, 0.75], such values
are close to zt = 0.69
+0.20
−0.13 reported in [20]-[21].
In the case of model II, one finds that the Hubble ex-
pansion takes the following form:
HII(θ|z) = H0
(
Ax3γs +Bx3γ++Cx3γ− +Dx3γr
) 1
2
. (37)
Here, we consider θ = {H0, γs, γ+, γ−, γr,Ωv0,Ωdr0,Ωc0}
as the independent parameters to be constrained for
the model encoded in the Hubble function (37). We
start our statistical estimations by performing a global
analysis on the eight parameters that characterize
the model. In doing so, we find that χ2(θ) reaches
a minimum at {H0, γs, γ+, γ−, γr,Ωv0,Ωdr0,Ωc0} =
(70.00, 0.010, 1.300, 1.009, 1.3400, 0.749, 0.00006, 0.199)
along with χ2d.o.f = 20.172/(29−8)≃ 0.9605 < 1. We see
that γs varies from 0.010
+0.007+0.055
−0.090−0.112 to 0.010
+0.271+0.335
−0.189−0.303
at 1σ − 2σ confidence levels, so these values fulfill
the constraint γs < 2/3 at 95% C.L. that ensure the
existence of accelerated phase of the universe at late
times [ See Fig. (3)]. We find the best fit at (H0,Ωv0) =
(70.00+4.99+6.07
−2.03−3.16km s
−1Mpc−1, 0.7299+0.057+0.0658
−0.0109−0.0238)
with χ2d.o.f = 0.736 by using the pri-
ors (Ωc0,Ωdr0, γs, γ+, γ−, γr) = (0.1999, 6 ×
10−5, 0.010, 1.3000, 1.0099, 1.3400). More-
over, we find that using the priors
(H0,Ωdr0, γs, γ+, γ−, γr) = (70.00km s
−1Mpc−1, 6 ×
10−5, 0.010, 1.3000, 1.0099, 1.3400) the best-fit val-
ues for the present-day density parameters are
considerably improved, namely, these turn give
(Ωv0,Ωc0) = (0.729
+0.167+0.218
−0.102−0.152, 0.239
+0.210+0.355
−0.281−0.364) along
with the same goodness condition (χ2d.o.f = 0.7368)
. Notice that Ωc0 varies from 0.239
+0.086+0.101
−0.019−0.042
to 0.239+0.215+0.267
−0.091−0.115 at 68%, 95% C.L., whereas
H0 ∈ [70.00+2.57+3.54−2.04−3.05, 70.00+4.99+6.07−2.03−3.16]km s−1Mpc−1;
thus, the latter values are consistent with the
analysis of ACT and WMAP-7 data that gives
H0 = 69.7 ± 2.5km s−1Mpc−1. We find that the
transition redshift is zt = 0.604
+0.203+0.325
−0.025−0.043 at 1σ, 2σ
C.L., close to ones reported in [20], [21] or with the
marginalized best-fit values zt = 0.623
+0.039
−0.052 listed in
[22], [23], [24].
The behavior of dark energy at early times can be
considered as a new cosmological probe for testing dy-
namical dark energy models. The fraction of dark en-
ergy at recombination epoch should fulfill the bound
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FIG. 3: Model II: two-dimensional C.L. associated with 1σ,2σ for
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Ωede(z ≃ 1100) < 0.1 in order to the dark energy model
be consistent with the big-bang nucleosynthesis (BBN)
data. Some signals could arise from the early dark en-
ergy (EDE) models uncovering the nature of DE as well
as their properties to high redshift, giving an invaluable
clue to the physics behind the recent speed up of the
universe [11]. Then, it was examined the current and
future data for constraining the amount of EDE, the
cosmological data analyzed has led to an upper bound
of Ωede(z ≃ 1100) < 0.043 with 95% confidence level
(CL) in case of relativistic EDE while for a quintessence
type of EDE has given Ωede(z ≃ 1100) < 0.024 al-
though the EDE component is not preferred, it is also
not excluded from the current data [11]. Another fore-
cast for the bounds of the EDE are obtained with the
Planck and CMBPol experiments[19], thus assuming a
Ωede(a ≃ 10−3) ≃ 0.03 for studying the stability of this
value, it found that 1σ error coming from Planck exper-
iment is σPlanckede ≃ 0.004 whereas the CMBPol improved
this bound by a factor 4 [19].
For the model I, we find that at early times the dark
energy changes rapidly with the redshift z over the inter-
val [103, 104] , indeed, around z ≃ 1100 we find that 2.4×
10−11 ≤ Ωx ≤ 2.6× 10−10. However for the model II, we
find that the dark energy around z ≃ 1100, Ωφ ≃ 0.014.
In comparison with the SPT constraints on the early dark
energy density over WMAP7 alone it was found that
the 95% upper limit on Ωede is reduced from 0.052 for
WMAP7-only to 0.013 for WMAP7+SPT. This is a 38%
improvement on the upper limit of Ωede < 0.018 reported
for WMAP7+K11 [25]. The upper limit is essentially un-
changed at Ωede < 0.014 for WMAP7+SPT+BAO+SNe.
The Ωede < 0.013 bound from WMAP+SPT is the best
published constraint from the CMB (see [26] and refer-
ence therein). Our findings point out that the model
constructed here not only fulfill the severe bound of
Ωφ(z ≃ 1100) < 0.018 obtained from the measurements
of CMB anisotropy from ACT and SPT [25], [12], [26]
but also is consistent with the future constraints achiev-
able by Planck and CMBPol experiments [19] as well,
corroborating that the value of the cosmological parame-
ters selected before, through the statistical analysis made
with Hubble data, are consistent with BBN constraints.
Besides, regarding the values reached by dark energy
around z = 1010 (BBN), we find that Ωφ = 0.0025
at 1σlevel indicating the conventional BBN processes
that occurred at temperature of 1Mev is not spoiled
because the severe bound reported for early dark en-
ergy Ωφ(z ≃ 1010) < 0.21[13] or a strong upper limit
Ωφ(z ≃ 1010) < 0.04 [14] are fulfilled at BBN.
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compared with the data provided by Planck and WMAP9.
We will perform a further comparative analysis by
taking into account several data sets along with theirs
constraints on the most relavant parameters [15], [16],
namely, the values or bounds reported for H0, Ωv0,
Ωc0, and Ωede. The Planck power spectra leads to a
low value of the Hubble constant, which is tightly con-
strained by CMB data alone within the ΛCDM model.
From the Planck+WP+highL analysis, it found that
H0 = (67.3 ± 1.2)kms−1Mpc−1 at 68% [15]. A low
value of H0 has been found in other CMB experiments,
most notably from the recent WMAP-9 analysis. Fit-
ting the base ΛCDM model for the WMAP-9 data, it is
found H0 = (70.0 ± 2.2)kms−1Mpc−1 at 68% C.L. [16].
Then, our best estimation H0 = 70.00
+3.76
−2.02kms
−1Mpc−1
at 68% C.L is perfectly in agreement with the value re-
ported by WMAP-9 project but shows a slightly differ-
ence with the Planck+WP+highL data, which is less
than 0.04%. In Fig. (4), we show other observational
estimations of the Hubble constant that includes the
megamaser-based distance to NGC4258, Cepheid obser-
vations, a revised distance to the LargeMagellanic Cloud,
and so on (see [15]). For dark matter, Wiggle-Z data
give Ωc0 = 0.309
+0.041
−0.035, while Boss experiment increases
dark matter amount in 0.019%; the joint statistical anal-
ysis with 6dF+SDSS+ BOSS+ Wiggle-Z data lead to
Ωc0 = 0.307
+0.010
−0.011 at 1σ level [15], showing a discrepancy
6with our estimation of dark matter, Ωc0 = 0.239
+0.086
−0.019,
no bigger than 0.24% [see Fig. (4)]. For the frac-
tion of dark energy, Planck+WP data give 0.685+0.018
−0.016
at 68% C.L, whereas the joint statistical analysis on
Planck+WP+highL+ BAO gives 0.692±0.010 at 1σ level
[15]. In our case, we find that Ωv0 = 0.7299
+0.057
−0.0109,
then the relative difference between Hubble data and
Planck+WP+highL is 0.068% [see Fig. (4)]. Besides, the
CMB anisotropies measurements put further constraints
on the behavior of dynamical dark energy in the recom-
bination epoch; the latest constraints on early dark en-
ergy come from Planck+WP+highL data and leads to
Ωede < 0.009 at 95% C.L [15]. We have found that
Ωφ(z ≃ 103) ≃ 0.014, so the relative error between both
estimations is |ΩUsφ −ΩPlanckede |/|ΩPlanckede | ≃ 0.5%. The lat-
ter disagreement can be reduced in a future by including
additional measurements of Hubble data points or other
data sets [27], allowing to improve the statistical analysis
performed here.
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